Abstract. We complete a proof of a theorem that was inspired by an Indian Olympiad problem, which gives an interesting characterization of a prime number p with respect to the binomial coefficients n p . We also derive a related result which generalizes the theorem in one direction.
Introduction and Motivation
Problem 1.1. 7 divides 
Proof of Theorem 1.2
In [3] , the above theorem is proved. The authors give three different proofs, however the third proof is incomplete. We present below a completed version of that proof.
Proof. First we assume that p is prime. Now we consider n as n = ap + b where a is a non-negative integer and b an integer 0 ≤ b < p. Obviously, We observe that there are (p − 1) terms in X and each of them has one of the following forms, (a) ap + r 1 , or (b) ap − r 2 where 1 ≤ r 1 ≤ b and 1 ≤ r 2 ≤ (p − 1 − b). Thus any two terms from either (a) or (b) differs by a number strictly less than p and hence not congruent modulo p. Similarly, if we take two numbers -one from (a) and the other from (b), it is easily seen that the difference between the two would be r 1 + r 2 which is at most (p − 1) (by the bounds for r 1 and r 2 ); thus in this case too we find that the two numbers are not congruent modulo p. Thus the terms in X forms a reduced residue system modulo p and so, we have,
Now let us calculate
Thus using (2.2) we obtain,
So, (2.1) and (2.3) combined gives
So, forward implication is proved.
To prove the reverse implication, we adopt a contrapositive argument meaning that if p were not prime (that is composite) then we must construct an n such that (4) does not hold. So, let q be a prime factor of p. We write p as p = q x k, where (q, k) = 1. In other words, x is the largest power of q such that q
q! which after simplifying the fraction equals (q x−1 k+1)
On the other hand obviously,
Now, since (q, k) = 1, it follows that q x−1 k + 1 ≡ 1 (mod q x ). So we conclude, This completes the proof of Theorem 1.2.
Another simple result
We state and prove the following simple result which generalizes one part of Theorem 1.2
with p a prime, 0 ≤ b (k) ≤ p k − 1 and k a positive integer such that 1 ≤ k ≤ l, where
. The proof of this follows from the reasoning of the proof of Theorem 1.2 although there are some subtleties.
In particular, we have
For k = 0, we set the convention that a (0) = n = a 0 + a 1 p + . . . + a l p l and b (0) = 0. Notice that Theorem 3.1 is obviously true for k = 0. But the case k = 0 doesn't correspond really to a power of p where p is a prime.
Proof. We have
Thus we obtain
We can notice that,
Dividing the above equation by p 1+p+...+p
Thus
Since if m ≡ n (mod p k ) implies m ≡ n (mod p) (the converse is not always true), we also have
As q(p − 1)! with gcd(p, q) = 1 and p are relatively prime, we get Proof. Given p a prime number, let x be a positive integer such that x ≡ r (mod p k ) with 0 ≤ r < p k . Denoting q = ⌊ x p k ⌋, we assume that there exists s ∈ N ⋆ for which ⌊ x p ks ⌋ = q s .
If k = 0, the result is obvious since for all integers x, r, we have x ≡ r (mod 1). In the following, we assume that k ∈ N ⋆ .
Then, we have x = qp k + r and x = q s p ks + r ′ with 0 ≤ r ′ < p ks . It comes that qp k + r = q s p ks + r ′ .
